
A S Y M P T O T I C  T H E O R Y  O F  T H E  T U R B U L E N T  B O U N D A R Y  

L A Y E R  AS A P R O B L E M  OF S I N G U L A R  P E R T U R B A T I O N S  

D.  N .  V a s i l T e v  UDC 532.517.4 

We cons ider  an asymptotic  theory of the turbulent boundary layer  [1,2]. In this paper we make 
an attempt to fur ther  develop the mathemat ical  aspects  of this theory.  We demonstra te  the 
features  of this theory by applying it to a problem which is close to the so-ca l led  equilibrium 
turbulent boundary layer  with a p ressu re  gradient  and blowing. 
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coordinates ,  paral le l  and perpendicular  to the wall 
velocity component in the x direct ion 
p ressure ,  density, and kinematic viscosi ty  coefficient 
scale of turbulence 
tangential s t r e s s  
speed at the outer  edge of the boundary layer  
thickness of the boundary layer  
displacement thickness 
momentum loss thickness 
coefficient of fr ict ion 
Reynolds number  

The subscr ip t  0 r e f e r s  to a s tandard flow; k to a pa ramete r  relat ing to the separat ion point; * r e f e r s  
to a displacement  thickness pa ramete r ;  * * r e fe r s  to a momentum loss thickness pa ramete r ;  and w re fe r s  
to a pa ramete r  r e l a t i n g t o  the wall. 

1. Statement of the Problem,  Initial Definitions and Relat ions.  We introduce, following [1], a s tandard 
turbulent boundary layer  involving the flow of an incompress ib le  fluid over  a flat plate, and to descr ibe  it 
we use the subscr ip t  0. Fo r  the turbulent tangential s t r e s s  in the general  case ,  we have 

= pl '~ (du / dy) ~ (1.1) 

introducing the dimensionless  coordinate 7/, the velocity w, the density p, and the scale  of turbulence 
l ,  we obtain 

psu~ - Pl~ \ d~ / ~ : - ~ -  ' ~ =--u~ ' P ------Ps' , l :  (1.2) 

We assume that at its outer  edge the s tandard boundary layer  has the same pa ramete r s  as the bound- 
a ry  layer  under investigation. F rom Eq. (1.1) it then follows that 

p/2 (do / d'q) 2 
= p0to S (do~ / dB) ~" (1 .3 )  

When ~ ~ 0 the relat ion {1.3) extends over the whole boundary- layer  thickness and, after  a formal  in- 
tegrat ion,  it a ssumes  the form 
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To an accuracy  measu red  by its satisfaction of Eq. (1.1) the relation (1.4) consti tutes a l imiting in t e '  
gra l  formulat ion re la t ive  to the law of frict ion in the general  case .  If we take l --- [0, then f rom Eq. (1.4) 
we obtain 

1 

0 

(1.5) 

For  R --* co the integral  (1.5) was also obtained in [1] for the most  general  case  of flow over a flat plate. It 
was shown there  that the requi rement  of se l f - s imi la r i ty  of l with respec t  to the perturbation pa ramete r s  is 
not  n e c e s s a r y  in this case  for the whole boundary- l aye r  thickness.  Only the existence of the condition l ~ y 
in the region Yi < Y << 5 is n e c e s s a r y .  The express ion (1.4) has an advantage over Eq. (1.5) in that it does 
not assume conservat ion of the sca le  of turbulence in the general  case  in compar ison with a s tandard flow, 
and it permi ts  taking this nonconservat ion readi ly  into account if only a relat ive quantitative formulation for 
it is known. The limiting relat ive frict ion law may also be written in a different form.  F r o m  Eq. (1.3), 
analogous to Eq. (1.4), we obtain 

I do) ( Po �9 "~V, lo do)o 
= \ - p - ~ - o ;  T 

o o 

(1 .6)  

F r o m  Eq. (1.3) we can, in general ,  obtain severa l  integral  formulat ions of the limiting relat ive law 
according as one or another factor  appears  in the left or  the right member  of the relation (1.3), this factor  
being descript ive of the relat ive perturbation of the s tandard boundary layer .  The limiting relat ive law can 
also be formulated in differential form as the boundary-value problem 

do -- ( Po �9 '~'/' Io co = 0 for COo : 0 
dcoo \--~--~o) T '  ~ = t for COo = t (1.7) 

The ex t ra  boundary condition gives the des i red  connection between the relat ive friction law and the 
per turbat ion parameters .  A f o rma l  integrat ion of Eq. (1.7) y ie lds one or another re la t i ve  in tegra l  law. 

We consider  the problem involving a turbulent boundary layer  in an incompress ib le  liquid with a 
positive p re s su re  gradient  and blowing. To obtain the asymptotic  re lat ive friction law f rom the expres -  
sions (1.4), (1.6), or (1.7) in this case ,  it is n e c e s s a r y  to know the relat ionship between the relat ive tangen-  
tial s t r e s s  and the nonconservat ion of l and the velocity profi les w and w 0 of the boundary layer  and the 
perturbation p a r a m e t e r s .  In the problem under investigation the perturbations in question a re  the blowing 
and the longitudinal p r e s s u r e  gradient .  As is done in the major i ty  of the papers  in the l i tera ture ,  we as -  
sume, as a f i r s t  approximation,  that l / l 0 - 1. 

The relat ionship between the tangential s t r e s s  and the velocity profile c0 or w0 and the perturbation 
pa ramete r s  may be obtained by consider ing jointly the equations of continuity and motion in the boundary 
l aye r .  For  boundary layers  which are  close to equil ibrium (in the sense that the influence of the de r iva -  
t ives of the perturbation pa ramete r s  is small  in compar ison with the influence of these same pa rame te r s  on 
the flow in the boundary layer) we can obtain (see, e.g.,  [3]), f rom the boundary- layer  part ial  differential  
equations, 

v -- 01~ (~Fzl + b%) + (--/) z~ 
2 pu~ ~ 

"(S S) z 1 = t - ~  o cod,q-- ~d~ I 
0 0 

6 

0 0 
52 "fl "8 

0 0 0 

IF = Cl b 2Pew 6 dus 
Cto PusC]o ] -- u a dx 

H= 
6 * *  

(1.s) 
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Upon taking these relat ions into account, we can wri te  the ra t io  T~ T O in the form 

! : ~2q01 .~- bqD2 + Aq~ qh -- zl ~ , q~ = ~ ,  <pa -- zl ~ ,A *o . . . .  = (1 .97  

For  a qualitative analysis  of the problem we can find the distribution of 7 / 7  0 by using a polynomial 
approximation.  In this case  [I] 

x / % = W  +(be0 + A n ) / ( n )  (1.107 

Upon approximating the tangential s t r e s s  by a second or  third degree polynomial, the expression 
f (17) assumes ,  respect ive ly ,  the form 

I(n) = ( i  + n )  -I, or ](~) = ( l  + 2 n )  -1 

In solving the problem an analytical formulation for the s tandard velocity profile is also neces sa ry .  
Both theoret ical  solutions, based on s imi la r i ty  and dimensionali ty considerat ions,  as well as the numerous 
experimental  data c lass i f ied in [4], show that the total turbulent universal  veloci ty-defect  law 

i 
1 - -  oo = Do  (n ) ,  D o  (n )  = - -  -~- [ln n + W (n) ]  ( 1 . 1 1 )  

~/1/2 tie 
In [1] it was shown that for R --+ ~o the thickness of the viscous sublayer  ~?l "+ 0 and that 

r  = - • ( In  ~h) -1 --> 0 ( 1 . 1 2 7  

Taking this c i r cums tance  into account, we find f rom Eq. (1.117 that 

c o = i  for ~ ] > 0 ,  o0 = 0  for ~1 = 0  (1.13) 

Thus the. representa t ion (1.11) for R --* ~o is c o r r e c t  in the sense that it sat isf ies the boundary condi-  
tion at the wall .  Various quantitative formulat ions of the t race  function W(~) are  available depending e s sen -  
t ially on how the boundary- layer  thickness is defined. 

In this paper ,  for the thickness of the turbulent boundary layer  under s tandard conditions, we take 
that value of the t r a n s v e r s e  coordinate for which the cor re la t ion  coefficient of the turbulent velocity fluctua- 
tions assumes  the value zero ,  

<uv> 
K -  (<u~/-~vb)~/; 

This coordinate also cor responds  to a zero  value of the turbulent tangential s t r e s s .  We approxi-  
mated the t r ace  function by the expression 

0 

(1.14) 

In addition, in determining the coefficients ai, we assumed,  f rom the condition for smooth coupling 
with the external  flow, that D O ~ 0 and dD0/d, ? ~ 0. The three remaining coefficients were  determined by 
the method of least  squares  f rom the experimental  data for D o given in [4]. Moreover ,  to satisfy the con-  
dition of equality of the cor re la t ion  coefficient at the external  edge of the boundary layer  to zero ,  we found 
it neces sa ry  to increase  its thickness by a factor  of 1.2 compared  with that used in [4]. This is plainly 
evident in Fig. 1 where we have used Klebanov*s experimental  data (see, for example, [317 for the d is t r ibu-  
tion of the corre la t ion  coefficient and the relat ive tangential s t r e s s  for one of the experiments ,  appearing 
also in the se r i e s  t reated in [4]. 

The lower sca le  of absc i s sas  in this figure cor responds  to the boundary- l aye r  thickness adopted in 
[4]. Determinat ion of the turbulent boundary- layer  thickness f rom the corre la t ion  coefficient is more  p re -  
cise inasmuch as this function approaches the value ze ro  ra ther  steeply, whereas  in the region y ~ 6 the 
variat ion of the velocity is ve ry  small .  The approximation of D o (*77 in accord  with Eq. (1.147, along with the 
exper imental  data,  is shown in Fig. 2. In what follows we assume that the universal i ty  of the law (1.117, ob-  
served  in [4] for  finite numbers  R, continues to hold as R --+ ~o. In Fig. 1 we also display the theoret ical  r e -  
lationship for de te rmin ing  the tangential s t r ess ,  obtained f rom the express ions  C1.8) and (1.147 for dp /dx  = 
0 and R--* ~o 
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F r o m  a joint  cons ide ra t ion  of the e x p r e s s i o n s  (1.7), (1.9), mud (1.11) 
it fol lows that  the p r o b l e m  c o n c e r n i n g  the a sympto t i c  r e l a t i ve  f r ic t ion  law 
and the a sympto t i c  ve loc i ty  p rof i l e  l eads ,  in the given c a s e ,  to  the s o l u -  
t ion of  the in t eg rod i f f e ren t i a l  equat ion 

with the boundary  condi t ions  (1.7), and with ono fo rmula t ion  o r  another  for  
the funct ions  q~l, q2, ~~ D~. 

2. A s y m p t o t i c  Re la t ive  F r i c t i on  Law and A s y m p t o t i c  Ve loc i ty  P r o -  
f i le.  A gene ra l  solut ion of Eq.  (1.15), even in the c a s e  involving the 
s i m p l e s t  app rox ima t ing  r e p r e s e n t a t i o n  (1.10) of the funct ions  r ~2, ~3 
is no t  known.  F o r  R -~r the f r ic t ion  coef f ic ien t  Cfo --* 0, and if we 
neg lec t  the t e r m  conta in ing  C f o ,  we obtain 

do) ~ [ dDo ~2 ' ~ j  = ( -  -f) ~ ~,-~i-) (2.1) 

F o r  this equation the bounda ry  condit ion ~ = 0 for  ~? = 0 cannot  be 
sa t i s f i ed  in the gene ra l  c a s e .  As  was  shown in [5], in such  c a s e s  one s u s -  
pec ts  the p r e s e n c e  of the s ingu la r  n a t u r e  of the solut ion,  and the c l a s s i c a l  
me thod  of neg lec t ing  a t e r m  with a sma l l  p a r a m e t e r  o r  expanding in a 
s e r i e s  with r e s p e c t  to this p a r a m e t e r  can no longer  be appl ied for  the e n -  
t i r e  domain  of  the so lu t ion .  To so lve  such p r o b l e m s  the me thod  of 
m a t c h e d  a sympto t i c  expans ions  was  p r o p o s e d  in [5]. In a c c o r d  with this  
me thod  we in t roduce  an in te rna l  and an ex te rna l  reg ion  of the solut ion and 
we expand this  solut ion in a s e r i e s  in t e r m s  of the p a r a m e t e r  ~0 = *~Cf0/2 
We c o n s i d e r  the ex te rna l  solut ion ( supe r sc r ip t  e) in the f o r m  

CO = COr = ~ CO~To~ (2.2) 

Subst i tut ing Eq.  (2.2) into Eq.  (1.15) and equat ing t e r m s  with ident ica l  powers  of Y0, we obtain,  to  
within ~ 0, 

do,}o e ( dDo ~ 
d~ = ]f(--~]~3 - -  ---~--j, r ~ : I for ~l ---- t (2.3) 

H e r e  the s u p e r s c r i p t  e, t oge the r  with the s u b s c r i p t  0, denotes  the ex t e rna l  solut ion of  z e r o  o r d e r  with 
r e s p e c t  to y o- A f o r m a l  in tegra t ion  with r e s p e c t  to ~? g ives  

1 

~. = 1 - ~ - -74-)<'n (2.4) 

F o r  the in te rna l  so lut ion we in t roduce  the s u p e r s c r i p t  i and a new in t e rna l  va r i ab le ,  fo r  which  we 
choose  the  d i m e n s i o n l e s s  ve loc i ty  under  s t a n d a r d  condi t ions  

C O o = l - - 7 o D o  

Expanding in a s e r i e s  with r e s p e c t  to Z0, we wr i t e  the in te rna l  solut ion in the f o r m  

(2.5) 

coi= ~ col (COo) yo ~ (2.6) 

Subst i tut ing this  r e l a t ion  into Eq.  (1.15) and equat ing t e r m s  with ident ica l  exponents  of 70, we obtain,  
to  within ~0, 

(dcoo ~ / dcoo) ~ = ~ i  § b~o~, coo i = 0 for ico0 = 0 (2.7) 

H e r e  the s u p e r s c r i p t  i, t oge the r  with the  s u b s c r i p t  0, denotes  the in te rna l  solut ion of z e r o  o r d e r  with 
r e s p e c t  to T0. F o r  s m a l l  ~? (the domain  of  the in t e rna l  solut ion) ,  it follows f r o m  Eqs .  (1.8) and (1.9), o r  f r o m  
the ini t ia l  b o u n d a r y - l a y e r  pa r t i a l  d i f fe ren t ia l  equat ions ,  tha t  
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% -> I,  % --> ~o for 11 --> 0 

T a k i n g  th i s  c i r c u m s t a n c e  into accoun t ,  we obta in  f r o m  Eq .  (2.7) 

(do~o i / d~oo) ~ = T + b% i, O~o i = 0 for co o = 0 (2.8) 

The so lu t i on  (2.87 has  the  f o r m  

CO0i = ' V ~ ' ~ O  -~- 1/4bc~176 (2.97 

The  p a r a m e t e r  �9 i s  a s  ye t  f r e e ,  i t s  connec t ion  wi th  f and b be ing  e s t a b l i s h e d  t h r o u g h  the  c o a l e s c e n c e  
of the  i n t e r n a l  and e x t e r n a l  s o l u t i o n s .  To s e e  what  th i s  connec t ion  i s ,  we app ly  the  p r i n c i p l e  of m a t c h e d  
l i m i t s ,  f o r m u l a t e d  as  fo l lows  [5]: the  e x t e r n a l  l i m i t  of  the  i n t e r n a l  e x p a n s i o n  is  equa l  to the  i n t e r n a l  l i m i t  
of  the  e x t e r n a l  e x p a n s i o n .  

The  a n a l y t i c a l  f o r m u l a t i o n  of th i s  p r i n c i p l e  in ou r  c a s e  h a s  the  f o r m  

COo + (i) = coo + (0) (2.10) 

Subs t i t u t i ng  E q s .  (2.4) and  (2.9) in to  Eq.  (2.10), we obta in  

1 

v~+"/,+= , -  ~(---Z I ~ ( -  +.~o~. --~--) a~l (2.117 
0 

Thi s  i s ,  in f ac t ,  the  l i m i t i n g  r e l a t i v e  f r i c t i o n  law for  g r a d i e n t  f low wi th  b lowing .  F o r  the  v e l o c i t y  p r o -  
f i l e  we can  c o n s t r u c t  a c o m p o s i t e  so lu t ion  of z e r o  o r d e r  in Y0 o v e r  the  whole  doma in  of  the  so lu t i on .  We 
u s e  the  a d d i t i v e  m e t h o d  [5] to ob ta in  the  c o m p o s i t e  so lu t ion  

r176 + +-')o' - coo+ (0) 
%<- = mo ~ -{ -  r + - r  

(2.127 

H e r e  the  p lus  s u p e r s c r i p t ,  t o g e t h e r  wi th  the  s u b s c r i p t  0, deno te s  the  c o m p o s i t e  so lu t i on  of z e r o  o r d e r  
in Y0. T a k i n g  in to  accoun t  E q s .  (2.47, (2.97, and  (2.11), we obta in  f r o m  Eq .  (2.12) 

o r  

1 
b ~ / ~ F - -  b ~ = , - , ~ I , ~  ( -  ~ ) ~ .  +,~+++0 + Too +- + 

.q 

~ } ~ S  P+++ (-z~+~176 ~+. + v++% § +.++ 
0 

(2 +13) 

E l i m i n a t i n g  �9 wi th  t he  a i d  of Eq .  (2.11), we ob ta in  

- - ~ - ] o , ~  - o)V%t- -~-)a.j LIJ ~, 
0 0 

b ++o(~--+-)+ + -T ~ m02 (2.14) 

F r o m  the e x p r e s s i o n s  (1.13) and (2.137 i t  i s  c l e a r l y  ev iden t  tha t  fo r  Y0 - "  0 the so lu t ion  c o n s i s t s  of two 
parts: a singular part 

li--~ % + ~hbc+o ~ 

c o n c e n t r a t e d  e n t i r e l y  in an i n f i n i t e s i m a l l y  s m a l l  ~7 n e i g h b o r h o o d ,  and a r e g u l a r  p a r t ,  de f ined  in the  i n t e r v a l  
0 < ~7 -< 1.  T a k i n g  Eq .  (1.13) in to  accoun t ,  we can  w r i t e  the  s o l u t i o n  (2.13) for  R ~ ~o a l s o  in the f o r m  

~0o+ = (v+ + +)  + , ~ I + ~ {  - +~ ~ - - - ~ )  ,1 fo, ~:>0 r 
0 

COo + = 0 for  TI = 0 
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Thus  an a p p l i c a t i o n  of t h e  p r i n c i p l e  of  m a t c h e d  a s y m p t o t i c  e x p a n s i o n s  has  e n a b l e d  u s  to exh ib i t  in a 
c l e a r  and s i m p l e  m a n n e r  t he  s i n g u l a r  n a t u r e  of the  p r o b l e m  of the  l i m i t i n g  flow (R ~ ~,  Y0 - -  0) in a t u r b u -  
l en t  b o u n d a r y  l a y e r  w i th  a p r e s s u r e  g r a d i e n t  and b lowing .  

We c o m p a r e  the  so lu t i on  (2.15) wi th  s e v e r a l  e x a c t  p a r t i c u l a r  s o l u t i o n s  of Eq .  (1.15). 

The  c a s e  of f low wi th  a p r e s s u r e  g r a d i e n t  in the  a b s e n c e  of b lowing .  In th i s  c a s e  the  d i f f e r e n t i a l  e q u a -  
t ion of the  p r o b l e m  t a k e s  the  f o r m  

wi th  the  b o u n d a r y  c o n d i t i o n s  (1.7). 

d-5- d~ = g ~  + ( - / )  % (---N-seD~ 

The s o l u t i o n  of th i s  equa t ion  m a y  be  w r i t t e n  in the  f o r m  

(2.16) 

o = l i m i  1 2 dDo~_ ~,--o ~ ~ f r o  (nl) ~ + (--  i) n an + I V%2 (n~) V% + (-- I) % (-- -~)an (2.17) 

w h e r e  ~72 > ~?l and accoun t  h a s  been  taken  of the  f ac t  tha t  

dDo ~ t - -  - - >  ~ for ~ --~ 0 d~l J z~l 

A v e r y  e s s e n t i a l  f ac t  h e r e  i s  t ha t  the  p a r a m e t e r  70 i s  c o n n e c t e d  wi th  the  l o w e r  l i m i t  of i n t e g r a t i o n  in 
the  f i r s t  i n t e g r a l .  C a l c u l a t i n g  the  f i r s t  i n t e g r a l ,  we ob ta in  

~o = lira ~o(~t) V T  (O2--0)(o~+0) 2 
, ,-o ~ In (m2 + 0) (m~ --  o) -k T ((I)2 - -  q)l) 
~ , ~ 0  

-2-~-) dTI (~12 > ~1~) 
0 

o~ = g ro~(n l )T  + ( - / ) n ~  ( , = , ,  2), 0 = f ~  

(2.18) 

Subs t i t u t i ng  

702 (Th) = -- T ~  for ~h -~ 0 

in to  the e x p r e s s i o n  (2.18) and e v a l u a t i n g  the l i m i t  on the  r i g h t - h a n d  s ide ,  we obta in ,  a f t e r  t r a n s f o r m a t i o n s  
have  been  m a d e ,  

0 

o = 0  for ~1 = ~h--+ 0 

Thus  we obta in  the  s a m e  r e s u l t  a s  was  ob t a ined  p r e v i o u s l y  b y  the m e t h o d  of m a t c h e d  a s y m p t o t i c  e x -  
p a n s i o n s  for  b = 0. 

The  c a s e  of a f low wi th  b lowing  in the  a b s e n c e  of  a p r e s s u r e  g r a d i e n t .  In th is  c a s e  Eq.  (1.15) a s -  
s u m e s  the f o r m  

d o  

-- d~--) (2.20) 

o r  a f t e r  I n t r o d u c i n g  the v a r i a b l e  w 0 

d?) / d% = V ~Fq% § bq% 

In the  r e g i o n  of  the  w a l l  ~ -* 0, go 1 --~ 1, go 2 --* r and ,  c o n s e q u e n t l y ,  

(2.21) 

do) / d(o 0 = t / tF + bo) (2.22) 
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The solution of this equation with the boundary conditions (1.7) has the 
f o r m  [1] 

oj = ~ % + 1~,be% ~- 
(2.23) 

Substituting Eq. (2.23) into Eq. (I .8), we find that if 7o --~ 0, then z I -- zi0 
for 0- ~?-< l,~2--~Ifor 77 > 0,(o2-~w for~?--0. 

Consequently for To --~ 0 and f -- 0, the equation (2.21) goes over into 
Eq. (2.22) and, together with its solution (2.23), does not depend on ~?. Then 
just as in the preceding case, the solution (2.23) coincides with the solution 
(2.13), obtained by the method of matched asymptotic expansions. 

3. Numerical Results. We consider at first the case in which the func- 
tion q~3 is self-similar in the perturbation parameters, chosen, for example, 
in accord with Eq. (1.10). In this case it follows from Eq. (2.11) that 

]/'~F = (l -- ~/,b)(l -- I/'F-), F = / / /~  (3.1) 

The p a r a m e t e r  f k  is a lso  obtained f rom Eq. (2.11) subject  to the condi-  
tion ~I, = 0 

i 

] / - ~ ' ~  = (l -- + ) [ I  ~-%(--  "-d~--)dDo "~.aTIjl-* 
0 

(3.2) 

F r o m  Eqs .  (3.1) and (3.2) it is evident that the l imit ing re la t ive  fr ict ion 
law in the f o r m  (3.1) does not depend on a specif ic  quantitative formulat ion 
for  q~a- The specif ic  fo rm of this function de te rmines  only the p a r a m e t e r  f k  
for given b, or  the p a r a m e t e r  b k for given f .  F r o m  the re la t ions  (1.8) we see  
that the functions qh, ~2, ea  depend implici t ly  on the per turbat ion  p a r a m e t e r s ,  
and an a r b i t r a r y  method,  based  on their  s e l f - s i m i l a r i t y  in r ega rd  to the p e r -  
turbat ions ,  does not give c o r r e c t  quantitative r e su l t s .  We ex t rac t  f rom Eq. 
(2.15) the s ingular  par t  of the solution; this leads to a change in the boundary 
condition for  the veloci ty  at the wall .  In this case  the equations (2.15), (1.8), 

o-1 and (1.9) f o r m  the s y s t e m  

~ ( dO, ~ d:, ~& = ~o~ ( 3 . 3 )  
I = V g  - - 7 c / ,  a-c- = o,, 

1 
where  

~1) 3 

71 "1] "11 

?] - -  ~ / ( J 1 c ~  - -  Jr*) - -  r J r l  = ~ O ~ l ~ ,  ]2 = Sc02d~ 1 , d a = S D o d q  
l - - [O,q~J~(q)  l [Js(l)l-I ' ; ; o 

The boundary condit ions a s s u m e  the f o r m  

< o = I ,  . ] ' I = I - - 8 " / 8 ,  , 1 " ~ = t - - 8 " 1 6 - - 8 " : ' / 8  for ~ = I  (3.4) 

The boundary  conditions at 77 = 1 enable  us  to find ~I,, 5 , [  5, 5* * / 5 ,  and H as functions of f and b. 

The s y s t e m  (3.3) with the boundary conditions (3.4) was solved on a digital compute r .  

In Fig.  3 we have plotted the l imit ing re la t ive  fr ict ion law in the fo rm 

(3.5) G (F, b) = -(t -- 1/~b)2 

The re la t ionship  between the p a r a m e t e r s  b and f at the separa t ion  point of the boundary layer ,  ~ = 0, 
is shown in Fig .  4. In the turbulent  b o u n d a r y - l a y e r  calculat ions a m o r e  suitable gradient  p a r a m e t e r  is one 
fo rmula t ed  in t e r m s  of the momen tum loss  th ickness  
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/ * * _  6** du~ 
u~ dx 

There fo re ,  in Fig.  3 we also plot the l imit ing re la t ive  fr ic t ion law in the fo rm 

~t'** F * * -  j** a**  (F,  b) (t - ~/,b)~ ' l~* (3.6) 

The re la t ionsh ip  between the p a r a m e t e r s  b and f *  * at the bounda ry - l aye r  separa t ion  point hi'* * = 0) 
is shown in Fig .  4. We see that  the functional r e l a t ions  (3.5) and (3.6) exhibit  weak s t ra t i f ica t ion  with r e -  
spect  to the p a r a m e t e r  b; they may  be sa t i s f ac to r i iy  approx imated  by the exp res s ions  

V = (i - F) 2, G** = i --  V F * *  (2 - F ~-*-) (3.7) 

In the absence  of a p r e s s u r e  gradient  ( f  = 0) the r e su l t s  obtained he re  a r e  identical  to the theore t ica l  
r e su l t s  obtained in [1], where in  a fa i r ly  detai led compar i son  of theory  with exper imen t  was made .  In [6], 
based  on a ca re fu l  ana lys is  of a l a rge  amount of con t empora ry  exper imenta l  data re la t ing  to separa t ion  of 
the turbulent  boundary  l aye r ,  i t  was es tab l i shed  that 2.2 < H k < 2.8, the values  H k > 2.4 specifying,  mos t  
l ikely,  the seconda ry  flows or d is tor t ions  due to probes  inse r t ed  n e a r  the wall .  In this paper  we obtain the 
theore t i ca l  value H k = 2.3. In Fig.  5 we c o m p a r e  the l imit ing calcula ted veloci ty  p r o f i l e d  k = (1 - w ) / ~  
for ~ = 0 with known expe r imen ta l  p rof i les  due to S t ra t ford  [7] with ~I, ~ 0. (We use  the symbol  O for data 
at Sec.  1 and A for  data  at Sec. 2). Expe r imen ta l  values of the gradient  p a r a m e t e r s  obtained there in  were  
0.0065 < f ~  < 0.01, H k ~  2.29. 

The theore t i ca l  value f ~  = f *  * H k = 0.00821, and a lso  the theore t i ca l  veloci ty  prof i le ,  ag ree  s a t i s -  
fac tor i ly  with the expe r imen ta l  va lues .  

The author  thanks S. S. Kutateladze,  A. I. Leont ' ev ,  and G. V. Aronovich for  the i r  in te res t  in this e f -  
for t .  
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